The method of self-similar factor approximants is applied to calculating the critical exponents of the O(N )-symmetric ϕ 4 theory and of the Ising glass. It is demonstrated that this method, being much simpler than other known techniques of series summation in calculating the critical exponents, at the same time, yields the results that are in very good agreement with those of other rather complicated numerical methods. The principal advantage of the method of self-similar factor approximants is the combination of its extraordinary simplicity and high accuracy.
Introduction
The knowledge of critical exponents, characterizing critical phenomena, provides us with basic information on the behavior of thermodynamic quantities in the vicinity of critical points [1] [2] [3] . This is why so much efforts have been devoted to the experimental measurements as well as to theoretical calculations of these exponents.
Because of the complexity of realistic theoretical models, critical exponents can usually be represented by power series obtained with the help of some perturbation theory. Such series are practically always divergent, which requires to use resummation techniques allowing for the determination of effective limits of divergent series. The standard approach applied to the summation of series, associated with critical indices, is based on the Padé-Borel-Leroy transformation and its variants [4] . Another approach is based on optimized perturbation theory [5] , where the resummation is due to control functions transforming divergent series into converging ones. Introducing control functions through the change of expansion variables, it is possible to resum the field-theoretic expansions for critical exponents [6, 7] . The convergence of the optimized perturbation theory can be greatly accelerated by invoking the self-similar approximation theory [8] [9] [10] [11] [12] [13] [14] [15] [16] , as has been done for calculating critical exponents [17] . All these approaches, mentioned above, require quite complicated numerical calculations. A purely numerical procedure of calculating critical exponents is due to Monte Carlo simulations [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] .
In the present paper, we suggest a new approach for the summation of series related to critical exponents. This approach uses the method of self-similar factor approximants [30] [31] [32] [33] , whose mathematical foundation is based on the self-similar approximation theory [8] [9] [10] [11] [12] [13] [14] [15] [16] . The construction of the factor approximants is very simple and straightforward. We recall the main definitions in Section 2. Then, in Section 3, we apply these approximants for the summation of the ε-expansions for the critical exponents of the N-vector ϕ 4 field theory. Our very simple method yields the results that are in perfect agreement with the most complicated numerical procedures. In Section 4, we demonstrate that the suggested method is applicable even for such a notoriously difficult problem as finding the critical indices from the high-temperature series expansions for spin glasses. Finally, Section 5 is conclusion.
Self-similar factor approximants
Suppose that our aim is to reconstruct a real function f (x) of a real variable x, when the function is represented by its asymptotic expansion at x → 0 as a power series
where k = 0, 1, 2, . . .. Without the loss of generality, we may assume that a 0 = 1 in expansion (1). This is because if instead of form (1) we would have a more general expression
with a given function f (0) (x), then we could return to expansion (1), with a 0 = 1, by defining
The sequence {f k (x)} is usually divergent for any finite x. The method of self-similar factor approximants [30] [31] [32] [33] makes it possible to extrapolate the asymptotic expansion (1), valid only for x → 0, to the whole region of the variable x ≥ 0. When k = 2p is even, with p being an integer, then the even-order factor approximant is
The parameters A i and n i are obtained from the re-expansion procedure, that is, by expanding approximant (2) in powers of x up to the k-th order and equating the latter expansion with the initial one given by form (1) . This re-expansion procedure yields the set of 2p equations
for 2p parameters n i and A i , with the right-hand sides
As is evident, the quantities n i , A i , as well as B n , depend on the considered order k. But for avoiding excessively cumbersome notations, we do not use here the double labelling. When k = 2p + 1 is odd, the odd-term factor approximant is
with the parameters A i and n i defined by the re-expansion procedure yielding the set of equations
with the scaling condition A 1 = 1. In this way, for any given expansion (1), the construction of self-similar factor approximants (2) or (4) is rather simple and straightforward. It has been shown [30] [31] [32] [33] that the factor approximants are more general and accurate than Padé approximants, having, in addition, a principal advantage of being uniquely defined. This means that for each given order k of expansion (1) there is just the sole factor approximant, while for each k there exists a table of k different Padé approximants P [M/N ] , with M + N = k. There is no general recipe for choosing one of the k available Padé approximants. One often chooses the diagonal ones, but, as is easy to show, the latter are not always the most accurate ones. Such a problem of multiple possibilities does not arise for factor approximants: for each k, of the expansion f k (x), there is just one factor approximant f * k (x).
Exponents for O(N )-symmetric theory
Let us consider the N-component vector ϕ 4 field theory, for which the critical exponents can be obtained in the form of the ε-expansions, with ε ≡ 4 − d, and d being the space dimensionality. The derivation of these dimensional expansions can be found in the book [6] . In the Appendix A, we give the expansions that are considered in the present section. As is known, such expansions are divergent and require a resummation procedure. To illustrate more explicitly how the method of self-similar factor approximants works, let us start with the scalar single-component field (N = 1). Then we have
We reduce each of these expansions to the form
where a 0 = 1. According to Section 2, we construct the factor approximants
in which
and the parameters A i and n i are obtained from the re-expansion procedure. Setting ε = 1, we find the desired approximation f *
The error bar for the approximant f * k is given by
Reducing the series for η to form (7), we have η 0 (ε) = 0.0185ε 2 . Constructing the factor approximants (8), we find for η * 2 (ε) the parameters
and for η * 3 (ε), we get
Setting ε = 1, we obtain
Thus, we conclude that the factor approximants give
In the same way, we proceed with the series for ν −1 . In the second order, we find
For the third order, we have
In the fourth order, we get
And for the fifth order, we find
Setting ε = 1, for the factor approximants ν * k , we obtain
Hence, the result is ν = 0.628 ± 0.003 .
Finally, reducing the series for ω to form (7), we have ω 0 (ε) = ε. Following the standard procedure, for the factor approximant ω * 2 (ε), we get
For ω * 3 (ε), we find
And for ω * 4 (ε), it follows
Hence, we come to the value ω = 0.788 ± 0.0004 .
Other critical exponents can be obtained from the scaling relations
which for the dimensionality d = 3 simplifies to
Using here the found results for the factor approximants, we have α = 0.116 ± 0.009 , β = 0.325 ± 0.002 , γ = 1.234 ± 0.005 , δ = 4.797 ± 0.006 .
Accomplishing in the same way calculations for the arbitrary number of components N, we obtain the factor approximants for the critical exponents using the general series from the Appendix A. Our results are presented in Table 1 . It is worth emphasizing that in the two limiting cases of N = −2 and N = ∞, where the exact critical exponents are known, our results coincide with these exact values. For N = −2, the exact exponents are
in any dimension. And in the limit of large N, the exact exponents are
where d is dimensionality. In three dimensions, the latter transforms to
Since our results tend to the exact values when N → ∞, the error bars diminish for N ≫ 1, tending to zero, as N → ∞. Thus, for N = 100, the error bar is 10 −2 , for N = 1000 it is 10 −3 , and for N = 4, the error bar is 10 −4 . The error bars for N ≫ 10 diminish as 1/N. The error bars for the factor approximants, up to N = 10, obtained from the expansions for η, ν, and ω, are shown in Table 2 .
Critical exponents have been calculated by Monte Carlo simulations [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [34] [35] [36] [37] [38] [39] and other complicated numerical methods, as is reviewed in Ref. [6, 17, [40] [41] [42] . Our results in Table 1 are in very good agreement with all these calculations. The advantage of our method is its simplicity. We have used only the expansions from the Appendix A. We do not need to know the large-order behavior of ε-expansions, which is required for other methods.
Exponents for spin glass
Here we show that the method of self-similar factor approximants can be applied to such a notoriously difficult problem as summing the high-temperature series of the Ising spin glass. This model is described by the Hamiltonian
in which (ij) implies the summation over nearest neighbors, σ i takes values ±1, and J ij are independent random variables, whose dimensionless forms J ij ≡ βJ ij , with β being inverse temperature, occur with the probability
where J ij = βJ is a parameter. Monte Carlo simulations [43] [44] [45] demonstrate the existence of the phase transition in three dimensions.
The phase transition corresponds to a singularity in susceptibilities. One considers two types of the latter, the Edwards-Anderson susceptibility
and the auxiliary susceptibility
Here N is the total number of lattice sites, single angular brackets < . . . > refer to thermal averaging, and the double brackets ≪ . . . ≫ refer to averaging with respect to the distribution of interactions, defined by probability (12) . When temperature T approaches the critical temperature T c , susceptibilities (13) and (14) behave as
High-temperature series expansions for susceptibilities (13) and (14) are represented as series in powers of w ≡ tanh 2 (βJ) .
Analyzing the series
one aims at finding the critical exponents γ and γ ′ characterizing the critical behavior (15). These exponents are connected with each other through the scaling relations
where η and ν are the critical exponent defining the behavior of the correlation function ≪ (< σ i σ j > 2 ) ≫ and the correlation length ξ ∝ (T − T c ) −ν , and where d is dimensionality. Therefore, the exponents γ and γ ′ can be expressed one through another by means of the scaling relation 2γ = γ ′ + νd ,
provided ν is known. The analysis of expansions (17) turned out to be extremely difficult. This is because the first few terms of the series contain little information on spin-glass ordering. Actually, the coefficients of the first three terms of the series for χ EA are identical to those for the susceptibility series of the pure Ising model. In fact, one cannot see any spin-glass behavior until one gets contribution from higher orders. This happens because an essential feature of spin glass is frustration, which reveals itself only in higher orders of the series. Hence, any analysis, depending sensitively on the first few terms in determining the critical exponents γ and γ ′ , is not likely to give correct answers. These difficulties have been described in detail by Singh and Chakravarty [46, 47] , who found that more than ten terms in expansions (13) and (14) are necessary to be able to estimate the critical exponents γ and γ ′ . They derived [46] in three dimensions expansions for χ EA and χ ′ up to 17-th order and in four dimensions, an expansion for χ EA up to 15-th order.
However, even having quite a number of terms in expansions (17) , it is very difficult to find the related critical exponents. Since, as is stressed above, the effects of frustration reveal themselves only in high orders of expansions, so that the lower orders do not provide correct information on spin glass behavior. The method that has been found [47] to be most suitable to this problem is that of inhomogeneous differential approximants, which is a generalization of the d-log Padé summation. A weak point of this method is that the approximants, for each given order k of an expansion, are not uniquely defined. Thus, for an expansion of order k = 10, there are 42 variants of the approximants, for the expansion of order k = 15, there are 96 variants, and for the order k = 17, one has 136 variants of different approximants. All these various approximants yield the results that are quite different from each other, and it is not clear which of them are to be accepted as correct and which as wrong, so that the problem arises of a subjective, not strictly defined, choice of some of them labelled as "well-behaved". Now let us apply to expansions (17) the method of self-similar factor approximants of Section 2. In three dimensions (d = 3), both series for χ EA as well as for χ ′ are known [47] up to seventeenth order. The effect of frustration, typical of spin glass, occurs in the series for χ ′ much earlier than in that for χ EA . Therefore more accurate results can be obtained considering the series for χ ′ , which are
For these series, we construct the factor approximants following the standard procedure of Section 2. The closest singularity to the origin defines the critical points w c and the related critical exponents γ ′ . For the series of order k = 15, we find w c = 0.42 and γ ′ = 2.07; for k = 16, we have w c = 0.39 and γ ′ = 1.44; and for k = 17, we get w c = 0.41 with γ ′ = 1.82. Thus, for the critical exponent γ ′ , we obtain
This can be compared with the results of the Monte Carlo simulations [45] , which find the phase transition at T c = 1.18 ± 0.03, with the critical exponent
Using our result (21), the known value [40] of ν = 1.3 ± 0.1, and the scaling relation (19), we find the critical exponent
From the Monte Carlo simulations [40] it follows
As is seen, the critical exponents in Eqs. (21) and (23) are close to the Monte Carlo values in Eqs. (32) and (24), respectively. 
Constructing the factor approximants for these series, in the highest orders we find w c = 0.20, with γ = 1.59, for k = 14 and w c = 0.21, with γ = 2.35, for k = 15. Therefore, for the critical exponent γ, we obtain γ = 2.35 ± 0.38 (d = 4) .
To our knowledge, Monte Carlo simulations for d = 4 are not available. And the method of inhomogeneous differential approximants [47] estimates γ ≈ 2.0 ± 0.4. Since there is neither an expansion for χ ′ nor information on other indices, it is not possible to determine the exponent γ ′ in d = 4. The example of the present Section shows that the method of self-similar factor approximants can be applied to rather complicated series with very nontrivial behavior, requiring the consideration of high-order terms.
Conclusion
The method of self-similar factor approximants [30] [31] [32] [33] is applied to calculating the critical exponents of the N-component vector ϕ 4 field theory and of the Ising spin glass. The first example is chosen because of the wide interest to the O(N)-symmetric ϕ 4 theory, which serves as a typical model for characterizing the critical behavior of a large variety of physical systems. We showed that the application of the method to ε-expansions is very simple and straightforward at the same time providing the accuracy comparable with that of other essentially more complicated techniques.
The case of high-temperature expansions for the Ising spin glass is taken as an example of series with a notoriously nontrivial structure, requiring the consideration of high-order terms and making it very difficult an unambiguous determination of the exponents for susceptibilities by other known methods. Our method allows us to find the exponents that are in good agreement with Monte Carlo simulations, when the latter are available.
In the present paper, we have concentrated on the calculations of critical exponents. Of course, determining the critical points is also of importance. For instance, recently there has been a great interest to an accurate calculation of the critical temperature T c for interacting Bose gas (see review articles [48, 49] ). The most accurate results have been obtained so far by using the ideas of the optimized perturbation theory [5] in Refs. [50] [51] [52] [53] [54] [55] and by employing Monte Carlo simulations [56] [57] [58] [59] [60] . These are rather involved numerical techniques. The method of self-similar factor approximants can also be applied to this problem, which, however, is a topic for a separate investigation. Here ε = 4 − d is assumed to be asymptotically small, ε → 0. Table Captions   Table 1 . Critical exponents for the N-component ϕ 4 field theory, obtained by the summation of ε-expansions using the method of self-similar factor approximants. 
